Math 132 - December 5, 2016

Solutions

Section 11.10: Taylor Series

e Taylor Series
> () If | f( ) (2)| < M for |z —a| < d th
flz) = ch(aj —a)" where ¢, = ! (a). f (@)l < or |z —af < o
= n!
|Ry(z)] < e — al for |xr —al <d
o Question: If f(z) = T, (x) + Ry (z) then how big is (n+1)!
Ry (z)?

Warm-up Problems

1. The degree 4 Taylor polynomial for e* is Ty =1+ x + %1‘2 + %x3 + 2—14x4. We can plug in a z = 2:
T4(2) =7.0
Without using a calculator to compute €%, how close is this number to e??
(a) 0.5 (b) 1 (c) 2 (d) 3 (e) 4

Solution: This is the key question of the day—how big is the remainder. And, most of the time when its important,
you only have the series, you don’t actually know what the value of the function is.




Lecture Notes: From last time we had Taylor Series for f(z) =4+ 2z — 322 — 23 + T2* — 2° centered at = 0
and then again at x — 1:

fx)=4+22—32% —2® + 72" — 2
=8+ 16(x —1)+26(z — 1)? +17(z — 1)> +2(x — 1)* — (2 — 1)°

Lets graph some of these Taylor Polynomials for the Taylor polynomials centered at x = 0:
Ti: Red, T3: Blue, T3: Yellow, Tjy: Green, T5 = f: Black
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Lets graph some of these Taylor Polynomials for the Taylor polynomials centered at = = 1:
Ti: Red, T3: Blue, T3: Yellow, Tjy: Green, T5 = f: Black
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Lecture Notes: Back to question

This is the key question of the day—how big is the remainder. And, most of the time when its important, you only have
the series, you don’t actually know what the value of the function is.

Here’s how it works. f(x) = T),(x) + Ry, (z) The question is how big is R, (x) for a given n and z.

We use the Taylor Remainder theorem (above in the box). We do need to know something and that is we need to know
that

|f®)(z)] < M for |z —a| < d.

For us, we have a = 0 and we know | f(®)(z)| = |e*| < |3%| = 9. This is true for all |z| < 2.

Using the Remainder theorem, for |z| < 2:

Ry(x)| < %WH _ %25 _ %2 — 94
What if we used a bigger n.

’ n ‘ %M”H = (nfl)ﬂ"“ Actual R,
4 24 0.38905609893065
5 0.8 0.12238943226398
6 0.22857142857142 0.033500543375095
7 0.057142857142857 0.008103717978269
8 0.012698412698412 0.0017545116290627
9 0.0025396825396825 | 3.435768847950271 x 102
10 | 4.6176046176046176 x 10~ | 6.138993594184683 x 10~ °
11| 7.696007696007696 x 10~° | 1.0083217968137603 x 10~°
12| 1.184001184001184 x 107° | 1.532098306000762 x 10~°




Here is an important point:

||

Since for any z, lim,,_, n—,n = 0, you can always make R,, as small as you want by taking n larger.

Lecture Notes:
Question: For what values of z is T3(z) = x — $2® within 3 x 107° of sina?
Solution: We use remainder estimate, with M =1
M, 4 |=[* -5
Solving for z gives |z| < (24(3 x 10_5))1/4 ~0.16
BUT, we can actually use Ry. Why??

M, z|? _s5
|Ry4(z)] §a|x|" = % <3x10

Solving for & gives |z| < (120(3 x 107%))"/® ~ 0.3245.

Class Problems

2. The degree 2 Taylor polynomial for cosx centered at 0 is To(z) =1 — é—f

Find an estimate for the maximum error (given by remainder theorem) for |Ry(0.2)| = | cos(0.2) — T5(0.2)

Solution: BUT, we can actually use R3. Why??

02 _

1.3 x107°
21 %

M
[Rya)] <7 10.21° =

3. Let f(z) =+
(a) Find the Taylor series centered at 4 for /z. Write out at least to the degree 3 terms.

Solution:
\/5:2+1(x—4)—i(x—4)2+i(x—4)3—-~-
4 64 512
Note: this is alternating for = > 0.
(b) Use Ty(x) to approximate 1/4.03.
Solution:
To(z) =2+ 1(1: —4) — i(g; —4)2
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(c) Estimate the error, R9(4.03), for T»(4.03).
Solution: Using Taylor remainder theorem: f©)(z) = Sx%. For z = 4.03 we have

Ty (4.03) =2 + 2 (0.03)

1 (0.03)% ~ 2.0074259

3 3 3
@ 403) < — = =
SR < §TER T 55~ 256

Remainder theorem:

1
(0.03)% ~ 5.27 x 10~®

M 3
03)] < =-(0.03)3 = ———(0.03) = —
[R2(4.03)] < 57(0.03) (0.03)° = =5

T 6-256

Compare this to the alternating series remainder test—its the same, just harder.




Lecture Notes: Multiplication of Power Series

Multiply to find a power series for (sinx)(cosz):

g - 2 2 - 22 gt 4
sinzeosw =z — o0+ 7 — o 4 Tt m T

2 2 5 4
3 R 2 29
3 15 315 2835

Note: sinz cosz = 1 sin(2z) It is probabably much easier (and better) to use substitution

4. Use multiplication of power series to find a power series for e” sinx

Solution:
2 3 4 3 o] 27
e smx—<1+x++3'+4'+ ><x3!+5.7'+ >
n +1 3 1 4 1 7 1 2
=r+x z° — —x° — — i
3 30 630 22680

5. Use division of power series to find a power series for *=-*.

Solution:
sinx _1 x? n x2S n
x 31 5 7

Lecture Notes: Magic with complex numbers

Take the power series for e and plug in i. See what happens.

Lecture Notes: Limits with Power Series




