
Math 132 - November 16, 2016
Solutions

Section 11.6: Ratio and Root Tests

• Ratio Test: Let L = lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣
– If L < 1 then

∑
an converges absolutely

– If L > 1 then
∑

an diverges

– If L = 1 then Ratio Test is inconclusive

• Root Test: Let L = lim
n→∞

n
√
|an|

– If L < 1 then
∑

an converges absolutely

– If L > 1 then
∑

an diverges

– If L = 1 then Root Test is inconclusive

• Suppose
∑

an is a conditionally convergent series (so
that

∑
|an| is divergent). Let S be any given number.

Then there is a rearrangement of
∑

an that converges
to S.

• Suppose
∑

an is an absolutely convergent series (so∑
|an| converges) and the sum is equal to S. Then

any rearrangement of
∑

an is also equal to S.

Warm-up Problems

1. Clicker The series

∞∑
n=0

(
2

3

)n

converges (why?). What about the following:

∞∑
n=0

n

(
2

3

)n

,

∞∑
n=0

n2

(
2

3

)n

,

∞∑
n=0

n3

(
2

3

)n

,

∞∑
n=0

n10000

(
2

3

)n

(a) None converge

(b) Some, not all converge

(c) All converge

(d) IDK but the test was terrible

(e) IDK but the test was easy

2. Let
∑∞

n=0 ar
n be a geometric series (so an = arn).

(a) Compute: lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = r

(b) Compute: lim
n→∞

n
√
|an| = lim

n→∞
a1/nr = r

Class Problems

3. Converge or diverge (use the ratio test)

(a)

∞∑
n=0

2n + 5

3n

Solution: an+1

an
→ 2

3 < 1 so converges.

(b)

∞∑
n=0

1

n2

Solution: an+1

an
→ (n+1)2

n2 = 1 so inconclusive. But we know this converges!

(c)

∞∑
n=0

n3

(n+ 1)!

Solution: an+1

an
→ (n+1)3

n(n+2) = 0 so converges.

(d)

∞∑
n=1

(2n)!

(n!)2

Solution: an+1

an
= (2n+2)(2n+1)

(n+1)2 → 4 > 1 so diverges.
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(e)

∞∑
n=1

4n(n!)2

(2n)!

Solution: an+1

an
= 2(n+1)

2n+1 → 1 so inconclusive.

BUT, note that since an+1/an = 2n+2
2n+1 > 1 we have an+1 > an. Also, a1 = 2, thus lim an 6= 0. Diverges.

4. Converge or diverge (use the root test)

(a)

∞∑
n=1

(
5n− 3n3

7n3 + 2

)n

Solution: lim n
√
|an| = 3

7 < 1 so converges.

(b)

∞∑
n=1

1

n3

Solution: lim n
√
|an| = 1 so inconclusive.

(c)

∞∑
n=1

(
3

n+ 1

)n

Solution: lim n
√
|an| = 0 < 1 so converges.

(d)

∞∑
n=1

(−1)n−1
(

2n

n+ 1

)n

Solution: lim n
√
|an| = 2 so diverges.

(e)

∞∑
n=1

(
lnn

n

)n

Solution: lim n
√
|an| = 0 so converges.

5. Rearrangements

∞∑
n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+

1

5
− · · · = ln 2

Now take positive terms in blocks of one followed by negative terms in blocks of 2. Note that everything is still added
in. We then regroup, as below:

1− 1

2
− 1

4
+

1

3
− 1

6
− 1

8
+

1

5
− 1

10
− 1

12
+

1

7
− 1

14
− 1

16
+

1

9
− 1

18
− 1

20
+

1

11
− 1

22
− 1

24
+ · · ·

=
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=
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+

(
1

10

)
− 1

12
+

(
1

14

)
− 1

16
+

(
1

18

)
− 1

20
+

(
1

22

)
− 1

24
+ · · ·

=
1

2

(
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=

1

2
ln 2
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