Math 132 - November 11, 2016

Solutions

Section 11.6: Absolute Convergence

e Definition: ) a,, is absolutely convergent if > |a,| o Theorem: If 3 a, is absolytely convergent then the
converges. series is convergent.

e Definition: Y a, is conditionally convergent if
> ay,, converges but > |a,| diverges.

Section 11.5: Alternating Series
Let S = > (—1)"b, where b, > 0 be an alternating series. S converges if the following are true:

® b1 < b, (so the b, are decreasing)

e limb, =0

And |Ry| = |S = S| < by

Warm-up Problems

s -1 n+1
1. Does the series converge absolutely: Z %
n n
i=1

(a) Yes (b) No (c¢) It converges conditionally (d) IDK but I'm moving to Canada with Amy Schumer
Solution: Converging absolutely means that the series Y |a,| converges. So, we need to test the series

o0

1
Zn2+2n+1

i=1

which converges by a comparison to Y # So the series converges absoltely and the series converges.

Class Problems

2. Alternating Series: Does the series converge or diverge:

i(_l)nH*l 1+1 1+1+
n 2 3 45
n=1
Solution: This is the example to keep in mind of a conditionally convergent series. It converges by the alternating

series test and does not converge absolutely.

To see why this works, look at the following

and so on so that we have

Sog <8y < S <...< 89y <.



11 o1y 1
S A Y
% <2 3> <4 5> 6 =

Thus, {s2,} is an increasing, bounded sequence, and thus converges.

Similarly, sop+1 = Sopn +

1 N . 1
Y and thus has the same limit as ss,, since i 0.

All the points of the alternating series test are contained here!

Notice that if you want to find the sum, then the remainder is always closer than the “next term”:

|Rn| = |S_ Sl < |an+1|

In this case, suppose you added up:

1 1 1 1
l— 4=+ +— ~ 06981721
sttt gg = 0.698172179

This is within ﬁ of the actual sum. If you wanted to get within 0.0001 = m of the acual sum, you would have to

find:

1 1 1 1
1l— 4+ - 4.4 — ~0. 1971
2—|—3 4—|- +9999 0.69319718

Interesting Observation:

S100,000 ~ 0.69314218058494
In2 ~ 0.69314718055994

~ -5 _ —6

7100’ 101 1x10 10 x 10

|51007000 —1In 2‘ ~ b5 X 1076

3. Are the following absolutely convergenct? Are they conditionally convergent.

(a)

— n2+5
Solution: Not convergent—fails alternating convergence test: limb,, # 0 and

> (=13 /n
Z( )"

= n+4

Conditionally convergent by alternating series test. To see b,, decreating, look at f(z) = Vo fl(z) = 722

x+4°

T 2Va(at4)?
and is negative when x > 4.

o0

Z cos(mn)

n=2 \/ﬁ

Solution: Converges conditionally by alternating series test.

oo

> (=1)"sin (x/n)

n=1
Solution: First convince yourself it is alternating. For n > 0, we have 0 < 7/n < 7 and thus sin(7/n) > 0. And,

limsin(7/n) = 0. Finally, for n > 2, sin(n/n) is decreasing. Thus the series converges.

But, is the series Y sin(m/n) convergent? This is more difficult but you can do a limit comparison to Y 1 to see
that it divergses.

i (—=D)™Inn

n=1 "

Solution: b, = 2" which has limit 0. Let f(z) = 2% and f'(z) = 1=3¢ < 0 when z > e. Thus converges.

T~ n

It does not converge absolutely.



1)71.+1

4. Let S =307 s

(a) S15 =0.8245417573. ...
How close does the alternating series remainder theorem guarantee Si5 to be from S7
Solution: Within 162 ~ 0.00390625

(b) If you want the partial sum to be within 0.0001 of the sum, how many terms do you need to take?
Solution: You want to solve

1)w,+1

5. Let § =300, &

n3

(a) S15 =0.901676118....
How close does the alternating series remainder theorem guarantee S5 to be from S?7
Solution: Within 1 ~ 0.000244140624

(b) If you want the partial sum to be within 0.001 of the sum, how many terms do you need to take?

Solution: You want to solve (n+1) < 0.001. Solving gives n > 9. In this case, Sg ~ 0.0,2116476 .

(CEsyE +1) < 0.0001. Solving gives n > 99. In this case, Sgg =~ 0.822517533374. . ..



