
Math 132 - November 9, 2016
Solutions

Section 11.4: Comparison Tests

• Comparison Test For Convergence:
|an| ≤ |bn|,

∑
|bn| converges then

∑
|an| converges.

• Comparison Test For Divergence:
|bn| ≤ |an|,

∑
|bn| diverges then

∑
|an| diverges.

• Limit Comparison Test 1: Let L = lim
n→∞

an
bn

.

If 0 < L < ∞ then
∑

an and
∑

bn both converge or
both diverge.

• Not in textbook

Limit Comparison Test 2: Let L = lim
n→∞

an
bn

.

If L = 0 and
∑

bn converges, then
∑

an converges.

• Not in textbook

Limit Comparison Test 3: Let L = lim
n→∞

an
bn

.

If L =∞ and
∑

bn diverges, then
∑

an diverges.

Section 11.6: Absolute Convergence

• Definition:
∑

an is absolutely convergent if
∑
|an|

converges.
• Definition:

∑
an is conditionally convergent if∑

an converges but
∑
|an| diverges.

Section 11.5: Alternating Series
Let S =

∑
(−1)nbn where bn > 0 be an alternating series. S converges if the following are true:

• bn+1 < bn (so the bn are decreasing)

• lim bn = 0

And |Rn| = |S − Sn| ≤ bn+1

Warm-up Problems

1. Clicker Who did Prof Thornton vote for?

(a) Clinton (b) Trump (c) Johnson (d) Someone else (e) He didn’t vote

2. Clicker Let L = limn→∞
an

bn
.

If L = 1, which of the following do you expect:

(a) an < bn (b) an = bn Correct (c) an > bn (d) None of these

Solution: Well, you actually wouldn’t expect exact equality, but for large n you would expect an and bn to be very
close.

3. Clicker Let L = limn→∞
an

bn
.

If L = 0, which of the following do you expect:

(a) an < bn Correct (b) an = bn (c) an > bn (d) None of these

4. Clicker Let L = limn→∞
an

bn
.

If L =∞, which of the following do you expect:

(a) an < bn (b) an = bn (c) an > bn Correct (d) None of these

Class Problems

5. Do a comparison test.

(a)

∞∑
n=1

n2 − 2n− 1

n4 + 2n + 1
compared to

∞∑
n=1

1

n2

Solution: Comparison test works fine since
n2 − 2n− 1

n4 + 2n + 1
<

n2

n4
=

1

n2

1



(b)

∞∑
n=1

n2 + 2n + 1

n4 + 2n− 1
compared to

∞∑
n=1

1

n2

Solution: Comparison test doesn’t work the following isn’t strictly true:
n2 + 2n + 1

n4 + 2n− 1
<

n2

n4
=

1

n2

6. Do a limit comparison test.

(a)

∞∑
n=1

n2 − 2n− 1

n4 + 2n + 1
compared to

∞∑
n=1

1

n2

Solution: lim
an
bn

=

(
n2−2n−1
n4+2n+1

)
(

1
n2

) = 1 which means that series behave the same and thus both converge.

(b)

∞∑
n=1

n2 + 2n + 1

n4 + 2n− 1
compared to

∞∑
n=1

1

n2

Solution: lim
an
bn

=

(
n2+2n+1
n4+2n−1

)
(

1
n2

) = 1 which means that series behave the same and thus both converge.

7. Determine convergence of the following. Use a comparison or limit comparison (try to use both!).

(a)

∞∑
n=1

n2 + 1

n3 + 1

Solution: Diverges with a limit comparison to 1
n . You can also compare to n2

2n3 but that is much trickier.

(b)

∞∑
n=1

2n + 1

(n + 1)2

Solution: Diverges with a limit comparison to 2n
n2 = 2

n .

(c)

∞∑
n=1

1

2n − 1

Solution: Converges with a limit comparison to 1
2n .

(d)

∞∑
n=1

lnn

n3/2

Solution: Converges with a limit comparison to bn = n1/4

n3/2 = 1
n5/4 . Note, I choose n1/4 by some trial and error.

Note that lim an

bn
= 0 and

∑
bn converges, so

∑
an must converge too.

8. Alternating Series: Does the series converge or diverge:
∞∑

n=1

(−1)n+1

n
= 1− 1

2
+

1

3
− 1

4
+

1

5
+ · · ·

Solution: This is the example to keep in mind of a conditionally convergent series. It converges by the alternating
series test and does not converge absolutely.
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