
Math 132 - October 26, 2016
Sections: 11.1

Solutions

Warm-up Problems

1. Clicker Find the next term in the sequence

1, 2, 3, . . .

(a) 0 (b) 1 (c) 4 (d) 42 Correct (e) Donald Trump

Solution: Using the formula

an
(k − 4)n3 + (24− 6k)n2 + (11k − 38)n + (−6k + 24)

6

gives a4 = k. So, if we let k = 42 then we get our answer:

an =
19n3 − 114n2 + 212n− 114

3

Of course, letting k = Donald Trump gives another answer.

Note, this is an explicit definition of a sequence.

2. Clicker Find the next term in the sequence

1, 1, 2, 3, 5, 8, . . .

(a) 9 (b) 10 (c) 11 (d) 12 (e) 13 Correct

Solution: This is the famous Fibonacci sequence an = an−1 + an−2.

Note: This is a recursive definition of a sequence.

3. Clicker Find the next term in the sequence

117.06, 116.60, 117.65, 118.25, . . .

(a) 113.91 Correct (b) 115.25 (c) 119.12 (d) 121.18 (e) 142.12 Correct

Solution: These are stock prices for Apple over the previous week. The 113.91 is the opening price this morning.

limn→∞(an ± bn) = limn→∞ an ± limn→∞ bn limn→∞ c · an = c · limn→∞ an

limn→∞ an · bn = limn→∞ an · limn→∞ bn limn→∞ c = c

limn→∞
an
bn

=
limn→∞ an
limn→∞ bn

limn→∞ apn = (limn→∞ an)
p

If lim an = lim cn = L and an < bn < cn then lim bn = L If f(n) = an and limx→∞ f(x) = L then lim an = L(
0
0

)
If limx→∞ f(x) = limx→∞ g(x) = 0 then limx→∞

f(x)
g(x) = limx→∞

f ′(x)
g′(x)(∞

∞
)

If limx→∞ f(x) = limx→∞ g(x) =∞ then limx→∞
f(x)
g(x) = limx→∞

f ′(x)
g′(x)

Class Problems

4. For each of the sequences, find limn→∞ an

(a) an = lnn
n

Solution: lim an = 0. (Use L’Hopital’s Rule)

(b) an = n
√
n

Solution: an = n1/n = exp(lnn1/n) = exp
(
lnn
n

)
. Thus, from previous, lim an = e0 = 1

(c) Let x > 0 be fixed. Let an = x1/n.
Solution: lim an = 1
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(d) Let x be fixed and let an = xn.
Solution: This depends on x.
If |x| < 1 then limn→∞ xn = 0
If x = 1 then limn→∞ xn = 1
If x = −1 then limn→∞ xn diverges
If |x| > 1 then limn→∞ xn diverges

(e) Let x be fixed and let an =
(
1 + x

n

)n
.

Solution:

lim
n→∞

an = exp
[
ln
(

1 +
x

n

)n]
= exp

[
n ln

(
1 +

x

n

)]
= exp

[
ln
(
1 + x

n

)
1/n

]
(Now apply L’Hopital)

= exp

[
−x/(n2(1 + x/n))

−1/n2

]
= exp

[
x/((1 + x/n))

1

]
= exp

[
x

1 + x
n

]
= ex

(f) Let x be fixed and let an = xn

n! .
Solution: Technically, the squeeze theorem is needed since

−|x
n|
n!
≤ xn

n!
≤ |x

n|
n!

For this, imagine a huge fixed x, so the numerator is exponential. But, there is some M > |x| so that eventually
(for n > M):

|x|n

n!
=

|x|n

1 · 2 · 3 · · ·M(M + 1)(M + 2)(M + 3) · · ·n

=
|x|n

M ! · (M + 1)(M + 2)(M + 3) · · ·n

≤ |x|n

M !Mn−M =
|x|nMM

M !Mn
=

(
MM

M !

)(
|x|
M

)n

Note that MM

M ! is just a constant and that since |x| < M , |x|M < 1 is just a constant too. So, by Number 4d,

lim
n→∞

|x|n

n!
≤ lim

n→∞

(
MM

M !

)(
|x|
M

)n

=

(
MM

M !

)
lim
n→∞

(
|x|
M

)n

= 0

(g) an = n!
nn

Solution: Note that

an =
1 · 2 · 3 · 4 · 5 · · ·n
n · n · n · n · n · · ·n

=

(
1

n

)(
2 · 3 · 4 · 5 · · ·n
n · n · n · n · · ·n

)
≤
(

1

n

)(n · n · n · n · · ·n
n · n · n · n · · ·n

)
=

1

n

Thus 0 ≤ lim an ≤ lim 1
n = 0.

5. (Less tricky sequences) Find limn→∞ an

(a) an = 2 + (0.1)n

Solution: lim an = 2

(b) an = n+(−1)n
n

Solution: lim an = 1
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(c) an = 1−2n
1+2n

Solution: lim an = −1

(d) an = sinn
Solution: Diverges

(e) an = sin(1/n)
Solution: lim an = 0

(f) an = cos(1/n)
Solution: lim an = 1
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