
Math 132 - October 5, 2016
Solutions

Partial Fractions

Goal: To convert integrals like this

∫
x5 − 2x4 + x3 + x+ 5

x3 − 2x2 + x− 2
dx into integrals of the form in question 2 below. Steps:

1. Use long division to ensure degree of numerator is less than degree of denominator.

2. Factor the denominator into linear or irreducible quadratic factors.

3. Determine the “form” of the partial fraction decomposition.
Gotchas:

• Linear factors

• Quadratic factors

• Repeated factors

4. Solve for constants in partial fraction decomposition.

5. Integrate term by term

Warm-up Problems

1. Clicker For Question 2f, determine the correct integration technique to use:

(a) Substitution (b) Parts (c) Trig tricks (d) Trig substitution Correct (e) Interrupting the moderator

2. Find the general integrals below:

(a)

∫
1

ax+ b
dx =

1

a
ln(ax+ b) + C

(b)

∫
1

(ax+ b)2
dx = − 1

a(ax+ b)
+ C

Note: This is similar to any integral of the form 1
(ax+b)n for any n > 1.

(c)

∫
x

x2 + a2
dx =

1

2
ln(x2 + a2) + C

(d)

∫
x

(x2 + a2)2
dx = − 1

2(x2 + a2)
+ C

Note: This is similar to any integral of the form x
(x2+a)n for any n > 1.

(e)

∫
1

x2 + a2
dx =

1

a
arctan

(x
a

)
+ C

(f)

∫
1

(x2 + a2)2
dx =

1

2a3
arctan

(x
a

)
+

x

2a2(x2 + a2)
+ C

Note: In this case, integrals of the form
∫

1
(x2+a2)n dx are clearly trickier. You can do these using

trig substitution (x = a tan θ)

Class Problems

3. Clicker Determine the correct form for the partial fraction decomposition for
∫

1
(x−1)(x−2) dx

(a) A
x−1 + B

x−2 Correct

(b) A
x−1 + Bx+C

x−2

Solution:∫
1

(x− 1)(x− 2)
dx =

∫ (
−1
x− 1

+
1

(x− 2)

)
dx

=− ln |x− 1|+ ln |x− 2|+ C
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4. Clicker Determine the correct form for the partial fraction decomposition for
∫

1
(x−1)(x−2)2 dx

(a) A
x−1 + B

x−2

(b) A
x−1 + B

x−2 + C
x−2

(c) A
x−1 + B

(x−2)2

(d) A
x−1 + B

x−2 + C
(x−3)2 Correct

Solution:∫
1

(x− 1)(x− 2)2
dx =

∫ (
1

x− 1
+
−1
x− 2

+
1

(x− 2)2

)
dx

= ln |x− 1| − ln |x− 2| − 1

x− 2
+ C

5. Clicker Determine the correct form for the partial fraction decomposition for
∫

1
(x−1)(x2+4) dx

(a) A
x−1 + B

x2+4

(b) A
x−1 + Bx+C

x2+4 Correct

Solution:∫
1

(x− 1)(x2 + 4)
dx =

∫ (
1/5

x− 1
+

(−1/5)x− (1/5)

x2 + 4

)
dx

=
1

5
ln |x− 1| − 1

10
ln(x2 + 4)− 1

10
arctan(x/2) + C

6. Clicker Determine the correct form for the partial fraction decomposition for
∫

2
(x−1)(x2+4)2 dx

(a) A
x−1 + B

x2+4

(b) A
x−1 + Bx+C

x2+4

(c) A
x−1 + Bx+C

x2+4 + Dx+E
(x2+4)2 Correct

Solution:∫
2

(x− 1)(x2 + 4)2
dx =

∫ (
1/25

x− 1
+

(−1/25)x− (1/25)

x2 + 4
+

(−1/5)x+ (−1/5)
(x2 + 4)2

)
dx

=
1

25
ln |x− 1| − 1

50
ln(x2 + 4)− 1

50
arctan(x/2)− 1

80
arctan(x/2) +

x− 4

20(x2 + 4)
+ C

7. Determine the correct form for the following

(a)
∫

x+3
x(3x+2) dx =

∫ (
3
2x −

7
2(3x+2)

)
dx = 3

2 ln |x| −
7
6 ln |3x+ 2|+ C

Solution: = A
x + B

3x+2

(b)
∫

x+3
x(3x+2)3 dx =

∫ (
3
8x −

9
8(3x+2) −

9
4(3x+2)2 −

7
2(3x+2)3

)
dx

= 3
8 ln |x| −

3
8 ln |3x+ 2|+ 3

4(3x+2) +
7

12(3x+2)2 + C

Solution: A
x + B

3x+2 + C
(3x+2)2 + D

(3x+2)3

(c)
∫

x+3
(3x+2)3 dx =

∫ (
1

3(3x+2)2 + 7
3(3x+2)3

)
dx = − 1

9(3x+2) −
7

18(3x+2)2 + C

Solution: A
3x+2 + B

(3x+2)2 + C
(3x+2)3
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(d)
∫

3
(3x+2)3 dx = − 1

2(3x+2)2 + C

Solution: (Trick Question) A
(3x+2)2

(e)
∫

x2+x+1
x(x2+9) dx =

∫ (
1
9x + 8x+9

9(x2+9)

)
dx = 1

9 ln |x|+
4
9 ln |x

2 + 9|+ 1
3 arctan(x/3) + C

Solution: A
x + Bx+C

x2+9

(f)
∫

x2+x+1
x(x2+9)(x2+4) dx =

∫ (
1

36x −
8x+9

45(x2+9) +
3x+4

20(x2+4)

)
dx

= 1
36 ln |x| −

4
45 ln(x

2 + 9)− 1
15 arctan(x/3) +

3
4 ln |x

2 + 4|+ 1
10 arctan(x/2) + C

Solution: A
x + Bx+C

x2+9 + Dx+E
x2+4

8. For the previous problems, solve for the constants and compute the integrals.
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