Math 132 - October 4, 2017

Solutions

Sections Covered: 7.3

Trig Identies: Trig Integral Stategies
sin? @ 4 cos?H = 1
1+ tan? 6 = sec? 9

[ ] AT n

e 1+cot? =csc20 o [sin™z cos"z dx

e sin(A+ B) =sinAcos B+sinBcos A m n

e cos(A+ B) = cos AAtZ:(t)tSB T sin Asin B ° f tan™ x sec” x dx
an an B

o tan(A£ B) = iriidian B e [tanz dx

e sin Asin B = [cos(A B) — cos(A + B)]

e cosAcosB = = [COS(A B) + cos(A + B)] . f sin(nm) cos(mx) dx

e sin Acos B = % [sin(A + B) +sin(A — B)]

. sinzm—f(lfcos%:) ® fsecxdx

e cos’x = (1 + cos 2x) 3

e sin(20) = *sinfcos * f sec” x dx

o cos(26) = cos? 6 — sin? @ e Others

Warm-up Problems

L /smmsxdz 7

(a) 3 sin?z + C

(b) —2cos?z+C

(c) Both A and B
)

(d) Neither A nor B
(e) Anything you want it to be

Solution: This is a simple substitution. You can use either u = sinx or u = cosx. In either case you get

/sinxcosx dx:/udu (u =sinx)

2

1
:%+C’:§sin2x+(]
/sinxcosx dx:f/u du (u = cosx)
2
1
:—%+C’:—§c052x+0

2

Note that since sin® z + cos? z = 1 we have

/sinxcosx dx:/udu (u =sinx)

2
1
:%—FC:iSingx—i—C
1 1 1
:§(l—coszm)+C:—§cos2x+§+C

So the answers really just differ by a constant.
2. Find the derivatives:

() & (see + tana)

a) —(secx +tanz
dx
Solution: secxtanx + sec? x = sec z(tan z + sec x)
d

b) —(cscx + cotx

(b) = )

Solution: — cscx cot x — csc? z = cscx(— cot x + cscx)



Lecture Notes: A note on integration by parts, the “normal” types you will see and you have to have
“down cold”:

o /(Polynomial(x))em dx
o /(Polynomial(a:)) sinz dx

o /(Polynomial(a:)) cosz dx

° /emsinxda:
° /emcosxdx
° /lnxdx

3. Use integration by parts.
/ sec® x dx
Solution:

u=secz, dv = sec® x dx
du =secxrtanx du, v = tanx

/secsx dr =secxtanx — /secxtaan dx
=secxtanx — /Secm(seczx —1)dx

zsecmtanm—/secsxdx—&—/secx dzx

1
/sec3x dx =5 (seca:tana:+/secx dx)

Class Problems

4. Compute [ secz dx

Solution: Use u = tanx + sec x:

_ tan x+sec x _
= [secx (7tanz+secm) dx =In [tanz + secx| + C

5. Compute [ cscz da
Solution: Use u = cot x + cscx:

_ - cot x+cscx _
= [cscx <7cotw+csm) dx = —1In|cotx + cscz| + C

Lecture Notes: Now that we have this, we can complete the integral of sec® z:

1
/sec?’m dxr 25 (secxtanx—i—/secx dx)

L ecatanz + 1 [secad
—2beC$ anx 2 secxr ar

1 1
=5 secztanx + §1n|tanm+secx| +C




Lecture Notes: |Trig integrals of the form /sinm x cos" x dx

If n is odd: Break off one of the powers of cosz, leaving an even power of cosz. Transform these into sin x using

cos?z =1 —sin?z. Then use u = sinz, du = cosz dz and it all works easily.

If m is odd: As above but break off one of the powers of sinz. Use u = cos z.

If m and n are both even: In this case use double angle formulas to reduce the powers:
sin?z = %1(1 — cos 2x)
cos? x = 5 (1 + cos 2z)

Examples:

3 1
sin? z cos® xdx——1—551n $+§Sln z+C

15 3

3 1
/sin?’:vcos2xdx=—cos5x—fcos3x+0
. 9 9 1 1
sin® z cos” x dx = 5(1—C0521‘)-§(1+COS2$> dx

1
= /1(1 — cos?2z) dx

:/<i_i.;(1+cos4m)) di
/(i;(1+cos4x)> dx

1 1 1 1
= ~ — —cos4 =—x — —sin4
/(8 SC% x) dx 833 325111 z+C

Clicker | Identify the strategy to integrate

sinfz cos® z dz

(a) Use cos?z = 1 — sin? 2 and then let u = sin .
(b) ?
)
)

—

Use sin?z = 1 — cos? z and then let u = cos x.

(c

(d) Give up, nothing will work

Use half angle identities to reduce the even powers of sinz and cos x.

09 . .7 . 5
Solution: /sin4x cos® x dr = 35sin” z 90;’111; z + 63sin” x L

7. Identify the strategy to integrate
/ sin® z cos? z dx

2

a) Use cos?z = 1 — sin? z and then let u = sin z.

b) Use sin?z = 1 — cos? z and then let u = cos x.

(a)
(b)
(c) Use half angle identities to reduce the even powers of sinx and cos z.
(d) Give up, nothing will work

—35c0s? z 4+ 90 cos” z — 63 cos® x
315

. . 5
Solution: /sm" z costx dr =

Clicker | Identify the strategy to integrate
sinz cos® x dx

2 2 and then let u = sin z.

—~

a) Use cos?z = 1 — sin




(b) Use sin®z = 1 — cos? z and then let u = cos z.

(¢) Use half angle identities to reduce the even powers of sinz and cos x.
(d) Give up, nothing will work

in(8 in(4 in®(2 3
sin(8z)  sin(4z) | sin’(2z) L3
2048 256 320 256

Solution: /sin4 x cosb x dx =

9. Actually compute the integrals above.

Lecture Notes: Trig integrals of the form /tanm x sec" x dx

If n is even: Save a factor of sec? x and convert all other sec x to tan x using sec? x = 14+tan? x. The use u = tanz.
If m odd: Save a factor of secx tan x, convert all other tanz into sec x (using identity) and then select u = sec z.
Others: Do something ad-hoc.

Examples

/tan3 zsectz dr = /u3(1 +u?) du (u = tanx)

/tan3 rsect x dr = /(tan2 rsec® x)(tan zsecx) dx = /(u2 —1u? du (u = secx)

1 1
=gu W tC

1
ZESeC6x—Zsec4x+C’

Lecture Notes: |Trig integrals of the form /sin(mx) cos(nz) dr (and similar integrals)

For these use the trig identities

1
sin Asin B = 3 [cos(A — B) — cos(A + B)]
1

cos Acos B = — [cos(A — B) + cos(A + B)]

sin Acos B = = [sin(A + B) + sin(A — B)]

| = N

Examples:
/sin 2z cos3x dx = /% [sin(bz) + sin(—z)]
= %/[sin(5x) — sin(z)]

1 1
=1 cos(bx) + 5 cos® +C




